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Background: Functionally useful proteins are sequences of amino acids that fold
rapidly under appropriate conditions into their native states. It is believed that
rapid folders are sequences for which the folding dynamics entail the exploration
of restricted conformations — the phase space can be thought of as a folding
funnel. While there are many experimentally accessible predictions pertaining to
the existence of such funnels and a coherent picture of the kinetics of folding has
begun to emerge, there have been relatively few simple studies in the controlled
setting of well-characterized lattice models.
Results: We design rapidly folding sequences by assigning the strongest
couplings to the contacts present in a target native state in a two-dimensional
model of heteropolymers. Such sequences have large folding transition
temperatures and low glass transition temperatures. The dependence of median
folding times on temperature is investigated. The pathways to folding and their
dependence on the temperature are illustrated via a study of the cell
dynamics — a mapping of the dynamics into motion within the space of the
maximally compact cells.
Conclusions: Folding funnels can be defined operationally in a coarse-grained
sense by mapping the states of the system into maximally compact
conformations and then by identifying significant connectivities between them.
Introduction
Globular proteins fold to their biologically active native
state in a proper range of temperature and acidity of a
water solution [1]. The native state is assumed to be the
ground state of the system [1] and this identification will
be adopted in this paper. The dynamics of folding is akin
to motion in a rugged free energy landscape [2]. The rela-
tive rapidity of the process, of the order of milliseconds to
seconds, rules out an exhaustive search of conformations,
which would have to take longer than the age of the uni-
verse [3] even in the case of short proteins. The notion of
folding funnels [4] has been invoked to describe the
apparent emergence of a restricted set of conformations
that are actually involved in folding. Based on simulations
of a lattice model, Onuchic et al. [5] have identified the
crucial landmarks in the folding funnel for a fast-folding
protein — through the molten globule states and low-
energy bottlenecks. There are several features that have
been proposed to characterize sequences that are good
folders: maximal compatibility (‘minimum frustration’)
[6,7], large thermodynamic stability [2,8,9], and certain
properties of thermodynamic parameters such as the spe-
cific heat and the structural overlap function [10–12]. The
purpose of this paper is to study what makes a good folder
and how one may identify the funnel conformations in
model two-dimensional lattice proteins.
The thermodynamic stability of a protein can be charac-
terized by a folding transition temperature Tf below which
the probability of occupancy of the native state, P0,
becomes substantial. This may be assessed by several
measures that we discuss later. The most transparent defi-
nition is to take Tf as a temperature at which P0 is ½ [13].
Note that Tf depends on the energy spectrum of a
sequence but it does not depend on the dynamics. A
quantity that is related to the dynamics of folding is the
temperature of the glass transition, Tg, below which the
protein is trapped in local energy minima and there is typi-
cally no accessibility, within measurement timescales, of
the native state from a randomly chosen conformation
even when the temperature is less than Tf [2,13]. Thus it
follows that proteins that are functionally useful have a
large Tf and a small Tg and the temperature range relevant
to folding is Tg < T < Tf. Good folders have a large Tf : Tg
ratio whereas bad folders are characterized by this ratio
being less than 1.
We have proposed recently [14,15] a method to design
champion folders: for a given set of interaction contact
energies the prescription is to rank order these energies
and then to assign the strongest attractive energies to con-
tacts that are present in the target native conformation.
This method is a generalization of the approach taken by
Go and Abe [16] in which the native contacts are set to be
uniformly attractive whereas the non-native contacts do
not interact. The procedure of contact assignment through
rank ordering defines a champion folder or a candidate for
being the best member within the family of sequences
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that have a desired ground state and fold well. Note that
there are a large number of such fully rank-ordered
sequences for a given set of interaction energies and a
target maximally compact native state. We do not attempt
to distinguish between these degenerate sequences in this
paper. The consequences of rank ordering have been
demonstrated within the framework of simple yet illumi-
nating three-dimensional [14] and two-dimensional [15]
lattice models.
In this paper, we focus on the two-dimensional model of a
protein consisting of a 16 monomer self-avoiding chain on
a square lattice [17,18]. The total number of conforma-
tions is only 802 075, of which 69 are maximally compact
(henceforth we denote the maximally compact conforma-
tion as a cell), i.e. fit on a 4 × 4 lattice, and is amenable to
exact enumeration. This allows for an exact evaluation of
equilibrium parameters, such as Tf or the radius of gyra-
tion. We compare folding characteristics for three
sequences: the champion folder generated through the
rank ordering, a good folder and a bad folder. Equilibrium
properties of the latter two sequences were obtained in
[18]. We start by presenting the equilibrium phase dia-
grams for the three sequences. We then proceed to studies
of dynamics as defined through a Monte Carlo process.
We determine the behavior of folding times as a function
of temperature, T, and determine Tg.
We then go on to characterize the dynamics of folding
within a coarse-grained scheme [15] and compare it for
the three sequences. Each conformation of the het-
eropolymer is dynamically mapped onto one of the 69
cells. This is done by a steepest-descent quenching fol-
lowed by determining the cell with the largest energetic
overlap through common contacts. Thus, the true dynam-
ics is represented in a coarse-grained manner as motion
within the space of the 69 cells. The motivation for the
steepest-descent part of the mapping is supplied by the
pioneering work of Stillinger and Weber [19,20] in the
context of glasses; see also a related work on spin glasses
[21]. Strikingly different patterns in the cell dynamic
space are found as the temperature is varied, illustrating
the pathways to folding.
Results and discussion
The heteropolymer sequences and their equilibrium
properties
Since proteins comprise combinations of up to 20 amino
acids, they may be conveniently and simply modelled as
heteropolymers (for reviews, see [22,23]). Each monomer
represents an amino acid. Two monomers, i and j, are in
contact with a contact energy Bij if they are not successive
in sequence and yet are next to each other (a negative Bij
denotes attraction) [22,23]. This restriction on monomers i
and j is schematically denoted by (i–j) and the energy of
the system is written as:
where Bijs are the values of the contact interactions. We
take:
The contact interactions are effective couplings which
result from the hydrophobic interactions of the amino
acids with solvent [24]. Their values can be estimated
from microscopic principles [25] and 
~
Bij can be regarded as
being governed, approximately, by a Gaussian probability
distribution [8,9,18]. B0 is an overall shift (many of our
results will focus on B0 = –1).
For a two-dimensional model consisting of 16 monomers,
there are 49 possible contact interactions. Each sequence
is defined by a particular choice of the values of these
interactions. As the first set we consider the 49 interaction
energies
~
Bij of Dinner et al. [18] (see their Table I, upper
right) — these were obtained as independent random
values with a Gaussian distribution of zero mean and unit
dispersion (thus defining the unit of temperature). These
interaction energies are also shown in Table 1 of this
paper and are merely an approximation to more realistic
interaction energies between the amino acids of a real
protein. We denote this sequence DSKS (after Dinner,
Šali, Karplus and Shakhnovich [18], who demonstrated
that this sequence had a very stable ground state). The
ground state of the heteropolymer chain for any B0 < 0 is
the conformation in Figure 1.
In order to define the second sequence, R, we rank order
the 49 B
∼
ij values in a decreasing order of attraction. The
numbers shown in Figure 1 indicate the rank of the inter-
action energy (a smaller number denotes a higher attrac-
tion). The family of champion folders with the same
native state is designed by assigning the nine most attrac-
tive interactions to the nine native contacts (see [14]; their
Figure 2 shows, inadvertently, the number of native con-
tacts and not the number of all contacts). One way (of the
nine) of doing this is shown by sequence R with the native
state, as shown in Figure 1, which differs from DSKS in
only three contacts. The remaining 40 interactions are
assigned randomly to the non-native contacts. The whole
list of these interactions, together with their ranking, is
given in Table 1.
The third sequence, DSKS′, also comes from Dinner et
al. [18] (see their Table I, lower left) and is also shown in
Table 1 of this paper. Its native conformation depends
on B0. Figure 2 shows two of these: one, maximally
compact, for large negative B0s and the other, with eight
contacts, for –2.9111 < B0 < 0. For B0 = 0 the native state
has seven contacts, and for larger B0 the number of con-
tacts is still smaller.
B B B              ij ij= +
~
0 (2)
E = ( )B i - ji, j
i< j
∑  ( )1
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In order to assess whether DSKS and DSKS′ are typical
samples, we have generated 200 independent
~
Bij Gauss-
ian interaction sets randomly and assigned them ran-
domly to the contacts. We calculated the Tf values for
each of them for B0 = –1. The values of Tf ranged
between 0.005 and 0.789 with an average of 0.289 and
dispersion 0.153. The sequence DSKS′ has a Tf of 0.195
and is thus typical. We shall demonstrate later on that
this sequence is a bad folder. We find that DSKS with
the same value of B0 has a Tf of 0.890, suggesting that it
is an extremely rare sequence in terms of its stability.
Nevertheless, the full rank ordering creates an end
member, R, of the set that is an even better folder with a
Tf of 1.15.
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Table 1
Values of the 
~
Bij couplings for the three sequences DSKS, R, and DSKS′¢.
i j DSKS Rank R Rank DSKS′ Rank
1 4 –0.4923 14 1.8313 49 1.9063 49
1 6 1.0474 42 –0.1705 22 –0.8975 10
1 8 –0.5496 12 –1.4820 5 0.0770 28
1 10 1.1895 46 0.0326 28 1.6883 48
1 12 –2.1095 1 –2.1095 1 –0.6494 18
1 14 –0.7512 10 –1.7203 3 0.8742 40
1 16 –0.0469 26 1.1651 45 0.2781 33
2 5 1.3830 47 0.3624 34 –0.9914 6
2 7 –1.2977 7 –1.2977 7 –0.6782 16
2 9 –0.1408 23 0.6888 40 1.1379 43
2 11 0.0940 30 –0.7512 10 0.0821 29
2 13 0.9985 41 1.7539 48 0.5539 36
2 15 –1.8114 2 –1.8114 2 –0.6158 19
3 6 –0.1705 22 –0.2958 17 –0.9801 7
3 8 1.1223 43 0.3252 32 –0.0625 27
3 10 –0.3847 15 1.1253 44 –0.6560 17
3 12 –0.2865 18 0.9985 41 –0.3041 22
3 14 0.3293 33 1.1223 43 –0.7576 15
3 16 –1.0435 9 –1.0435 9 –0.2991 24
4 7 –1.0519 8 –1.0519 8 –0.3037 23
4 9 0.5629 39 0.3899 36 0.2299 32
4 11 0.3252 32 –0.2118 21 –0.9717 8
4 13 –0.5998 11 –0.5015 13 –0.8744 11
4 15 1.7539 48 –0.1171 24 –0.2275 25
5 8 –0.2118 21 –0.5998 11 –0.0651 26
5 10 1.1253 44 0.5166 38 1.5177 47
5 14 0.0326 28 0.0228 27 –0.9366 9
5 16 0.3624 34 –0.2125 20 –1.5168 3
6 9 –1.6053 4 –1.6053 4 –1.0613 5
6 11 0.4711 37 0.3293 33 –0.8259 12
6 13 0.0228 27 0.2471 31 –1.7790 1
6 15 0.3899 36 –0.0469 26 0.7045 39
7 10 0.2471 31 –0.2472 19 –0.4063 20
7 12 –1.3267 6 1.1895 46 0.8901 41
7 14 –1.4820 5 –0.1408 23 0.3860 34
7 16 –0.3501 16 0.5629 39 –0.8012 13
8 11 –0.1171 24 –1.3267 6 1.3644 45
8 13 –0.2125 20 1.3830 47 1.3071 44
8 15 –0.5015 13 –0.0592 25 0.3967 35
9 12 0.0594 29 0.4711 37 0.6439 38
9 14 0.6888 40 –0.4923 14 0.8944 42
9 6 –0.2472 19 –0.3847 15 0.1926 30
10 13 0.5166 38 1.0474 42 –1.5915 2
10 15 1.1651 45 –0.2865 18 –0.7950 14
11 14 –0.2958 17 0.0940 30 0.2272 31
11 16 –1.7203 3 –0.5496 12 –1.1363 4
12 15 –0.0592 25 0.3877 35 0.6108 37
13 16 0.3877 35 –0.3501 16 –0.3228 21
Values of the 
~
Bij couplings (see equations 1 and 2), for the three sequences DSKS, R, and DSKS′ studied in this paper. The rank of a coupling is
indicated immediately to the right of its value. For B0 = 0, rank 1 corresponds to the strongest attraction and rank 49 to the strongest repulsion.
The bead hidden inside the conformation shown in Figure 1 is counted as the first bead.
In order to characterize the equilibrium properties of the
sequences, we define (following [8,13,18]) the following
parameters:
where
with m = 0 corresponding to the native state. Cm is the
number of contacts in conformation m and Qn,m is the
number of contacts that are common to conformations n
and m divided by the number of contacts in the more
compact state of the two.
The first three parameters are all basically equivalent
measures of the thermodynamic stability and they all have
sigmoidal temperature dependencies (data shown for
sequences DSKS and R in Figure S1 of the Supplemen-
tary material). The rank ordering is seen to increase stabil-
ity. The first three parameters define characteristic
temperatures of stability by the following, quite arbitrary,
criteria used in the literature: Tf is the temperature at
which P0 = ½ [13], Tx is the temperature at which X = 0.8
[8], and TQ is one at which Q = 0.7 [18]. The fourth para-
meter is a measure of compactness.
Dinner et al. [18] have introduced equilibrium phase dia-
grams in which lines of TQ and TN are shown. The latter
quantity is defined as the temperature at which Nc = 6.
Figure 3 compares the phase diagrams obtained for
sequences DSKS and R. The phase diagram for the
former was obtained in [18] (a fuzzy character of the lines
shown there was probably meant to indicate arbitrariness
of the definitions of the ‘phases’). The phase diagram for
R is similar in topology to that for DSKS except that all of
the transitions are shifted to higher temperatures, espe-
cially from the ‘frozen’ to the ‘globule’ state. Note that the
frozen state defined in [18] is a bit of a misnomer since it
was defined merely in terms of the energy spectrum and
without invoking any dynamics. This transition line is in
fact a measure of stability which is roughly proportional to
Tf and not to Tg.
Using an exact enumeration of all conformations, we
obtain the value of Tf. It is important to note that an appar-
ent Tf obtained using only the maximally compact confor-
mations (as is usually done in three dimensions [8,9,14]
with the exception of a Monte Carlo procedure used in
[13]) is independent of B0 and leads to a value larger than
the true Tf. This is illustrated in Figure 3 by using TQ as a
measure of the stability. The plots of Tf versus B0 will be
shown in the next section, together with those of Tg.
The folding times
In order to probe the dynamics, we have carried out
Monte Carlo simulations with a Metropolis algorithm
starting from a random initial conformation (our Monte
Carlo simulations had move sets of Figure 1a and case i of
Figure 1b of [26]). Several hundred (a minimum of 201)
independent runs were carried out to determine the
median folding time. (Note, e.g., that in [8,9] a tempera-
ture somewhat above the apparent Tf was used for speed-
ing up the folding kinetics. Since noncompact
conformations were not considered, and these are very
large in number compared to the compact ones, the true Tf
could be significantly smaller than the apparent value,
especially for small B0.)
p e
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Figure 1
Model native conformations for DSKS and R. The numbers indicate the
relative strengths of the contacts.
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Figure 2
Native conformations for sequence DSKS′. The numbers indicate the
relative strengths of the contacts.
2 5
1
9
640
33
28 16 7
20 1
2
9
3
37 23
DSKS'
B0<–2.9111
Plots of the median time of folding versus the temperature
of the simulations are shown in Figure 4 and Figure S2 of
the Supplementary material. Figure 4 compares DSKS and
R at two indicated values of B0. It is seen that the rank
ordering decreases the folding times at any temperature.
Increasing the attraction in the contact interactions, by
reducing B0, reduces the folding times at higher Ts but
increases them at lower Ts. A comparison of the median
folding times for R, DSKS, and DSKS′ at B0 = –1 is avail-
able in Figure S2 of the Supplementary material. In this
case, the native state of the DSKS′ is not maximally
compact; this does not have any dramatic impact on the
dependence of the median folding times on T but the
times are longer than for DSKS and even longer than for R.
A plot of the median folding time versus T has a U-shape
(as in [13]) characterized by a very steep increase in
median times at some characteristic lower temperature. Tg
was operationally defined as the value of the temperature
at which the median time is 300 000 steps. Around this
cutoff median time, the curve is almost vertical which
makes the definition of Tg essentially independent of the
value of the cutoff.
Figure 5 shows a summary of our results for Tf and Tg for
DSKS and R. The results indicate that Tf is larger and Tg is
smaller for R than for DSKS but the impact on Tf is more
significant than on Tg. The ratio Tf : Tg, plotted as an inset
to Figure 5, is larger for R than for DSKS especially for B0
approaching 0. This proves R to be a champion folder. At
B0 = –1, Tg = 0.49 and Tf = 1.152 for R, defining the good
folding temperature range for this sequence. For DSKS,
the range is [0.55,0.890]. For both sequences, then, T = 0.8
is within the proper folding range and will be used in
further studies of the dynamics reported in this paper.
Figure 6 shows Tf and Tg for sequence DSKS′. Tf has a dip
to zero at the transition between the ground states shown
in Figure 2 and the ratio Tf : Tg is much less than 1 which
shows that DSKS′ is a bad folder.
We have also considered the geometric characteristics of
the three sequences. The simplest of these is probably the
radius of gyration, Rg. The mean square Rg versus T as
obtained through an exact enumeration of the energy
spectra of the three sequences is shown in Figure S3 of the
Supplementary material. It is seen that, on lowering T, the
radius of gyration enters a plateau region at Tf. Related
information is supplied by the average number of contacts
of Figure S1, but Figure S3 relates more directly to the
average shape of the polymer. Monte Carlo calculations
show a low-T upturn in 〈Rg2〉 which starts at Tg and indicates
a loss of ergodicity within the timescale of the simulation.
An interesting way to describe the departures of the
sequence geometry from its native conformation is
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Figure 3
The phase diagram for sequences DSKS (solid lines) and R (broken
lines) in the T–B0 plane. The more vertical lines show the transition to
compactness as measured by the temperature TN. The other lines are
determined by TQ and are measures of the folding temperatures. The
horizontal line is for sequence DSKS and indicates TQ determined only
from the conformations that are maximally compact.
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Figure 4
The smoothed out (within two sizes of the data points) plots of the
median folding times for R and DSKS at two values of B0 which are
indicated in the figure (–1 and –2).
30
20
10
0
t fo
ld
/1
04
0 1 2 3 4
T
DSKS R
DSKS
R
–2–1
through the structural overlap function, defined by
Camacho and Thirumalai [10] as:
where r Nij refers to the coordinates of the native state, (x)
is the Kronecker delta function, and N is the number of
monomers. A susceptibility-like parameter is defined as:
where the angular brackets indicate a thermodynamic
average, i.e. over the Monte Carlo trajectory.
Figure 7 shows the temperature dependence of  together
with that of the specific heat, c (the fluctuation in energy
divided by T2 and by the number of monomers). Both
quantities are calculated by an exact enumeration. As a
signature of a good folder, Klimov and Thirumalai [11,12]
have proposed small values of a parameter  = (Tc – T)/Tc,
where Tc is the temperature at which c reaches its
maximum and T is a similar temperature for . Thus, for
good folders, the peaks in c and  ought to almost coin-
cide. The plots of the two quantities in Figure 7 indeed
have the peaks coinciding in the case of sequences R and
DSKS but not for DSKS′. Thus good folders behave like
ferromagnets, in which peaks in the magnetic susceptibil-
ity and specific heat coincide. Bad folders, on the other
hand, behave like spin glasses, in which a cusp in the sus-
ceptibility lies below a typically broad maximum in the
specific heat (e.g. see [27]).
The cell dynamics
We now proceed to describe our new way to represent the
dynamics of the model protein in a coarse-grained fashion.
The simplest characterization of the dynamics is given by
Tg. This information, however, is too sparse to discuss
mechanisms of the emerging folding funnels. Information
about all of the states that turn up in a Monte Carlo trajec-
tory, on the other hand, is too bulky and too amorphous to
see patterns. A compromise is offered by a coarse-grained
mapping of the Monte Carlo states to a class of important
states that are much fewer in number [19,20]. Since the
native state in the good folding sequences is maximally
compact, the physically relevant choice of the class is that
consisting of the maximally compact cells. In the case of
the bad folder DSKS′, the native cell need not coincide
with the native conformation (it does for B0 < –2.9111),
but it is defined as the maximally compact state that is
closest, in terms of contacts, to the native state (note that
when the native state is one shown on the right-hand side
of Figure 2, the corresponding native cell is not the con-
formation shown on the left-hand side of this figure).
Figure 8 shows the two-step scheme that we adopted to map
a given conformation to a cell. The conformation on the left
takes on the form in the middle on using a steepest-descent
χ χ χ= −2
2
9s s ( )
χs ij Nij
i j j
N N
r r= −
− +
−
≠ ±
∑1 13 2 82 1    δ ( ) ( ),
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Figure 5
The plots of Tf and Tg as a function of B0 corresponding to the
sequences DSKS and R as indicated (the solid lines correspond to
DSKS). The inset shows the ratio Tf : Tg as a function of B0.
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Figure 6
The plots of Tf and Tg as a function of B0 corresponding to the
sequence DSKS′. The inset shows the ratio Tf : Tg as a function of B0.
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quenching procedure to a local minimum. Of the 69 maxi-
mally compact conformations, the conformation on the
right is found to have maximum energy overlap in
common contacts with the middle picture and the
mapping to the cell is complete. It should be noted that
the first step of the transformation necessarily leads to an
intermediate state which is lower in energy than the origi-
nal state. The second step, however, may map to a maxi-
mally compact state of energy higher than that of the
intermediate state. Overall, the transformation maps the
Monte Carlo states primarily into lower-energy segments
of the phase space. All states that map to a given cell can
be considered to be excitations (like phonons in a solid)
belonging to the cell but some of these ‘excitations’ might
be of a negative energy. In all of the cases we tested, the
cells were kinetically accessible from their excitations in a
small number of steps.
A train of energies of the conformations appearing in the
dynamics of sequence R at T = 0.8 during a segment of a
Monte Carlo run of 10000 steps starting from a random
configuration are shown in Figure 9. These energies
display considerable variation and rapid changes. This
figure also shows the corresponding energies in cell space.
The system is mapped to states in which it ‘stays’ for a
considerable amount of time, especially in the native cell.
Figure S4 of the Supplementary material shows a segment
of 10000 Monte Carlo steps in cell space at two tempera-
tures (0.5 and 0.8), one at Tg and the other between Tg and
Tf, for sequence R. The native cell has less occupancy at
T = 0.5 with fewer dynamic contacts with the other cells
than at T = 0.8 showing the lack of equilibration, a break-
down of ergodicity, and the difficulty of rapid folding at
the lower temperature.
The most striking characteristic of the folding propensity
is captured by the average occupancy of the native cell, C0.
Figure 10 shows C0, as a function of temperature for the
three sequences R, DSKS, and DSKS′ at B0 = –1. The
dotted and broken lines indicate results obtained at a
fixed number of Monte Carlo steps indicated in the figure.
The solid line, denoted by F, corresponds to the data
points collected from only the portion of the run until the
native state was reached. Below Tg, indicated by the arrow,
only the first 2 million steps are taken into account. For
sequence R, there is a broad and elevated plateau in C0.
For DSKS, the region of significant values of C0 is
reduced, and for the bad folder, it is absent. After folding,
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Figure 7
The specific heat and fluctuation in the parameter of structural stability
(multiplied by 10) for the three sequences as indicated. The solid lines
refer to  and the dotted lines to c.
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Figure 8
The mapping of a conformation to a cell as described in the text. The
numbers indicate the ranking of the interaction energies in the
contacts. The larger numbers correspond to contacts that are common
between the quenched and the cell states. The energies indicated are
for sequence R at B0 = –1.
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the system stays predominantly in the native cell account-
ing for the (indefinite) sharpening of the curves as the
number of steps considered increases. What is defined
uniquely then and what is thus physical is C0 determined
only from the folding stage of the evolution — curves F. If
one restricts oneself further to a substantial portion of the
folding stage, C0 is changed very little, which indicates the
robustness of the definition.
The cell-to-cell connections for sequence R are shown in
Figure 11 at temperatures 2.0, 0.8, and 0.3 — i.e. above
Tf, between Tg and Tf, and below Tg, respectively. The
data refer to the folding stage of the evolution — the
runs proceeded until folding — and are based on 200
starting configurations. The columns and rows denote
the cell number arranged according to the energy, with 1
corresponding to the native cell. The diagonal entries
show the average occupancy of the cells during the runs.
These entries, when summed over all 69 cells, are nor-
malized to 1000. For the off-diagonal terms, only suc-
cessful transitions to a different cell are considered.
They show the interlinking between different cells. The
sum of all off-diagonal entries is normalized to 1000 and
the most significant entries, those bigger than or equal to
10, are displayed. Only those diagonal entries are shown
that are related to substantial off-diagonal matrix ele-
ments. The matrix is found to be approximately symmet-
ric (when further digits of the entries, than shown in
Figure 11, are considered).
The situation corresponding to the best folding is illus-
trated by the matrix calculated for T = 0.8 — the low-
energy cells are directly connected to the native cell and
the corresponding transition rates are high. The pattern of
direct connectedness to the native cell is also visible in a
bigger matrix corresponding to T = 0.8 when the off-diago-
nal cutoff is reduced to 5, as shown in Figure 12.
At T = 2.0, the most significant transitions are from higher
lying cells directly to the native cell, but most of the other
cells are also present in the dynamics and the native state
has low occupancy. Below Tg, on the other hand, the path-
ways to folding are primarily through intermediate stages,
starting from cells of high energy; in addition, there is a
significant weight in transitions between cells that do not
have any substantial links to the native cell.
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Figure 9
Motion in the conformation space (the top
panel) and in the coarse-grained cell space
(the bottom panel) of a typical 10 000 step
long Monte Carlo trajectory for sequence R at
T = 0.8. The energy levels of the 69 cells are
shown on the right.
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This pattern of behavior is generic — it is also observed
for the DSKS sequence, with less direct connectivity to
the native cell. This is shown in Figure S5 of the Supple-
mentary material. The bad folder of Figure 13, on the
other hand, is characterized by a predominance of the
hierarchical steps and/or transitions between cells of high
energy at any temperature. The cell-to-cell connectivity is
observed to depend primarily on the value of the tempera-
ture relative to Tg and Tf. Our description based on 69 cells
suggests that, at least in the two-dimensional systems, the
pathways to folding are through a direct linking of a signif-
icant portion of viable cells to the native cell. This cluster
of well-connected cells can be considered to be a funnel
for folding. Similar patterns of behavior are expected to be
found in three-dimensional systems, for which the set of
relevant cell states needs to be determined in an approxi-
mate fashion.
A related study to ours on folding pathways in a three-
dimensional lattice model has been carried out by
Leopold et al. [4]. They considered two sequences, one of
which was a good folder and the other not, and explored
the mean first passage time for diffusion between maxi-
mally compact states. Their principal finding was that the
good folder had a folding funnel through which kinetic
access to the native state was facilitated. In contrast, in
our two-dimensional study, we map each conformation of
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Figure 10
Occupancy of the native cell as a function of T, as explained in the text.
The results for 100 000 steps and for the folding stage (F) are based
on 200 starting conformations. For the case with 10 million steps, we
used one starting conformation. The values of Tg and Tf are indicated
by the arrows.
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Figure 11
Cell-to-cell connectivity of sequence R at three temperatures as
described in the text. The cutoff value for the off-diagonal entries is 10.
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the heteropolymer to one of the maximally compact cells
and study the dynamics of evolution in this coarse-
grained cell space. 
Conclusions
Our studies suggest that champion folders have a large
Tf : Tg ratio, the cell motion is qualitatively different at dif-
ferent temperatures and for different sequences, the
folding pathways in cell space involve substantial direct
links to the native cell, and the parameter σ is small for
good folders due to a dominance of the native cell in the
averages of the structural stability. The champion folders
are obtained by rank ordering of the contact energies and
by assigning the most attractive couplings to the contacts
present in a target protein. The extent to which biologi-
cally relevant proteins actually follow the rank ordering
prescription remains to be elucidated. Nevertheless, rank-
ordered sequences form end members of the class of
rapidly folding model proteins. The cell mapping strategy
proposed here can be viewed as an extension of the idea
of Leopold et al. [4]. In our approach, a folding funnel is
identified by the existence of significantly connected
paths leading to the native cell.
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Figure 12
Cell-to-cell connectivity of sequence R at T = 0.8 with the cutoff value
for the off-diagonal entries equal to 5.
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Cell-to-cell connectivity of sequence DSKS′ at three temperatures
as described in the text. The cutoff value for the off-diagonal entries
is 10.
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